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ÍNTRODUCCIÓN

(M1) B  : d(x, y) = 0 ⇔ x = y.

(M2) N : d(x, y) ≥ 0,   x, y ∈ X .

(M3) Śı: d(x, y) = d(y, x),   x, y ∈ X .

(M4) D : d(x, y) ≤ d(x, z) + d(z, y),   x, y, z ∈ X .

P      ́ı ́    
́     Ḧ,    M,   
,       B       ́
 ́     .

E   ́ı      . A  , 
     ́ ∥·∥ : X → R ́      
́ı X     :

(N1) N : ∥x∥ ≥ 0,   x ∈ X .

(N2) B  : ∥x∥ = 0 ⇔ x = 0.

(N3) P ́: ∥x∥ = ∥x∥,   x ∈ X, ∈ K.

(N4) D : ∥x+ y∥ ≤ ∥x∥+ ∥y∥,   x, y ∈ X .

A     ́         ́
  , ́ı    . Ś  ́ 
    H, ́ı   ́     X  
 . L   H     X   
ei : i ∈ I      v ∈ X   ́   F ⊂ I 


v =


i∈F
iei,

  i ∈ K, i ∈ F .

S ́         ,   ́ı 
    B. Ŕ       ,
    ́     ́ d    , 
     : d(x+z, y+z) = d(x, y)  d(x,y) = d(x, y),
  x, y, z ∈ X   ∈ K.

C        B  ́   -
      ,  ,   ́ı. Á,  
     ́       
. M   , ́,   ́ (en)n∈N   
  X  ́      S    x ∈ X   ́
́   (n)n∈N  

x−
n

k=1

kek


n→∞−−−→ 0
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ÍNTRODUCCIÓN

E    ́    ́  ,
 ,          
 H. C  ́       ́ 
    . Á,   ́ı,   
     ́    H–B–
L. D ,    R  ́     X  
́  ,   ,      .

U      Á F    ́ı, 
     ́     . Ś  
     ́   , ́ı     
,   ́    . E,  -
   ́   ́ ,      
́ ́  (, ). Ḿ ́,   
,     ́ ́ı    ,  
     ́   ́ı. S   
       K,      
 . A ́ı          
 ́ı       ́:       ́ 
   X . E ,  X ′,       
     X ,    ,  X∗, ́  -
          X . E ́ ,
́,    B     ́.

E  ́ı ́ ,   ,      
. A  ,    ́ (··) : X × X → K     
    K-  X      
:

(P1) (x+ yz) = (xz) + (yz),    x, y, z ∈ X .

(P2) (xy) = (xy),   x, y ∈ X   ∈ K.

(P3) (xy) = (yx),   x, y ∈ X .

(P4) (xx) = 0 ⇒ x = 0.

E ,              
,   ́     ́  ( Ĺı, ,
   ).

Ŕ       H     -
     . N ́      
, ́ı     J   N,   
       ,     ́.

Teorema 0.1 (de Jordan–Von Neumann) S (X, ∥·∥) un spo normo. Enton-
s xstŕ un prouto slr (··) : X × X → K tl qu ∥x∥ =


(xx) s, y solo

s
∥x+ y∥2 + ∥x− y∥2 = 2(∥x∥2 + ∥y∥2), ∀x, y ∈ X
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ÍNTRODUCCIÓN

N       ,      
. D  x, y ∈ X  ́   ,     x ⊥ y,
 (xy) = 0. O     ́    C–S–
B.

D      ́ı ́    -
́ ́    H      ́   
́ .

Teorema 0.2 (de aproximación óptima en espacios de Hilbert) S S un sus-
po rro  un spo  Hlrt H. Pr  x ∈ H xst un úno x0 ∈ S tl
qu

∥x− x0∥ ≤ ı́∥x− y∥ : y ∈ S = d(x, S)

Teorema 0.3 (de la proyección ortogonal) S H un spo  Hlrt y onsr-
mos M un suspo rro  H. Entons,  x ∈ H mt un ún sompo-
són  l orm

x = m+ n, (m ∈ M,n ∈ M⊥)

Aḿs, pr st x, l punto pM (x) = m ∈ M st́ rtrzo por sr l úno
vtor n M tl qu x − pM (x) ∈ M⊥, y l plón x → pM (x) s lnl, ontnu, 
norm 1 uno M s no trvl y vrno qu

() p2M = pM .

() (pM ) = M⊥.

Asmsmo, H s otn omo sum rt  M y M⊥. A pM s l llm proyón
ortoonl  H so  M , y  M⊥ s l llm omplmnto ortoonl  M n H.

L      ́        
    ́ı. E  ́     B, 
 ́     F. E   ́ 
G–S,          ́  Á
L,         ́ .

Á,            
 X            X . Ś 
 ́    . Á,      
  H          .
I,   M   H H  ́    ,   ,  
      B (  ́     I
 P).

C      ,       ́ı ,
  ́          ́
 R   .
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ÍNTRODUCCIÓN

Teorema 0.4 (de representación de Riesz) S H s un spo  Hlrt y f s ul-
qur unonl lnl y oto no sor ́l, ntons xst un úno y ∈ H tl qu

f(x) = (xy), ∀x ∈ H

Aḿs, ∥f∥ = ∥y∥.

A          H T : H1 → H2,
    T× : H2 → H1      (x, y) ∈ H1×H2

  ́
(T (x)y) = (xT×(y))

E   ,  ́, ,     ∥T×∥ = ∥T∥.
N , ,         
  H: -,   .

E  ́ı              
 Á F      . E , 
        Á F. P ,
́       ,   
  Z, ı́      ́,    
́     ́    ́ .

Teorema 0.5 (Principio de inducción transnita) S (X,≤) un onunto n or-
no, y s ∅ ̸= A ⊂ X tl qu sts l pótss  nuón trnsnt:

I(a) ⊂ A ⇒ a ∈ A

Entons A = X.

U       Á F     
H–B. P , ́        . U
  ,  ́      ́   
.

Teorema 0.6 (de Hahn–Banach) S X un R-spo vtorl, p un unonl sul-
nl n X y Z un suspo  X. S f : Z → R un unonl lnl tl qu

f(x) ≤ p(x), ∀x ∈ Z

Entons xst f̃ , xtnsón lnl  f  too X, tl qu

f̃(x) ≤ p(x), ∀x ∈ X

Á   ́  H–B,    
  ,       H–B  ( , 
C- ),    H–B      
 H–B     . A ,  , ́ 
   .
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ÍNTRODUCCIÓN

Teorema 0.7 (de Hahn–Banach para espacios normados) S Z un suspo 
un spo normo X. Entons pr  unonl lnl y oto f no sor
Z pomos nontrr un unonl f̃ lnl y oto qu xtn  f  too X y qu
prsrv l norm.

Teorema 0.8 (de Hahn–Banach para funcionales lineales y acotados) S X ̸=
0 un spo normo y x0 ∈ X − 0. Entons xst f ∈ X∗ tl qu ∥f∥ = 1 y
f(x0) = ∥x0∥.

A ́         Á F -
,  ́  ́    ́     
. E  ,       C([a, b])     -
     ́  BV([a, b]). P  ,    
 ℓ∞  ́        B  
 N     ́  R,  N    
́  S–C     ́ .

E       ́ ́      ́
  . L   ́        
     T : X → Y ,   T ∗ : Y ∗ → X∗  :

T ∗(y∗) = y∗ ◦ T ∀y∗ ∈ Y ∗

E    ́         ∥T ∗∥ =
∥T∥. Á,   ,        
    H T×  ́      ́.

O            . N ́
       X  ́     
́ CX : X → X∗∗  ;      ́ı , 
  ́    ́  X    X∗∗. E , 
     ́  B. Ḿ ́,    H
́ . N ,       X  ́ 
  ,      (     
 J). A     :

Teorema 0.9 (de separabilidad) S X∗ s sprl, ntons X tḿn lo sŕ.

E       Á F    -
  ́     B–S. P  ,  
     (      ),   
 ́ı (  ́    )     -
 ́ı (     ́ı). E  ́    
́ı  B:

Teorema 0.10 (de categoŕıa de Baire) Too spo ḿtro omplto s  sun
toŕı.
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ÍNTRODUCCIÓN

E ́      ́   
́ ,   ́ .

Teorema 0.11 (Principio de acotación uniforme) Sn X, Y spos normos y
s Ti : i ∈ I un ml  lmntos  L(X, Y ). Suponmos qu X s omplto.
S pr too x ∈ X xst cx > 0 tl qu ∥Ti(x)∥ ≤ Cx, pr too i ∈ I, ntons xst
c > 0 tl qu ∥Ti∥ ≤ c, pr too i ∈ I. Es r, s l ml  oprors lnls y
ontnuos st́ puntulmnt ot, ntons stŕ unormmnt ot.

S ́  ̃     ́    , 
        ́ı. E ,  ́  
   ́  ,  ́     
  ,      (xn)n∈N  ́  x ∈ X ,  
, (f(xn)) → f(x)   f ∈ X∗. C  ,   ́ (xn)n∈N  
 X  , ́  ́ . E ́ı 
   ,  ́ı  ́  X   ́ .

E        ,  ́  :  -
    ́   ( ),  
   ( )    ́  . L -
       ,   ,  . L ́ı,  ,
 ́   . U          -
  ,           ́
. Ś ́ı  ́    ́∗. D   ́
  (fn)n∈N  X∗    ́ı ́∗  f ∈ X∗  (fn(x)) → f(x),
  x ∈ X .

D́        ́ı, T ,   ́
 (Tn)n∈N ⊂ L(X, Y ). S    ,  ́  T ∈
L(X, Y ). N ,     ,  ́   ́  
X    B       ́  T .

C ,   ́∗      
   ,        A-́
      ́  ́, ́  -
́,        ́ ́.

F,      Á F  ́  
  ́ . P  , ́    ́  
 ́ . U ́ T : D(T ) → Y   ́ X, Y  D(T ) ⊂
X ,  ́    ,   ,    A ⊂ D(T ),  T (A)   Y .
E    ́  ́       .

Lema 0.12 Sn X, Y spos  Bn y T ∈ L(X, Y ). S T s sorytv, nton-
s l mn por T  l ol un rt  X, ontn lun ol rt n Y
ontnno l orn.

C ,      .

Teorema 0.13 (de la Aplicación Abierta) Sn X, Y spos  Bn y T : X →
Y un opror lnl y ontnuo. S T s sorytv, ntons T s rt.
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ÍNTRODUCCIÓN

C      ́      
,     ́         B (
́      ́ı        
  ). Ć     T : X → Y    B
 ́    ,   ,         
X×Y     (x, y) = xX + yY ,   (x, y) ∈ X×Y .

Teorema 0.14 (de la gráca cerrada) Sn X, Y spos  Bn y T : X → Y
un opror lnl. S T s rro, ntons T s ontnuo.

Teorema 0.15 (de los isomorsmos de Banach) Sn X, Y spos  Bn y
T ∈ L(X, Y ). S T s sorytvo, ntons T−1 s ontnuo.
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Caṕıtulo 1

Espacios métricos. Completitud

1. ¿Dn d(x, y) = (x− y)2 un ḿtr sor l onunto  los númros rls?

S   ́    ́    
  ́  R       . B 
  ,     x = 10, y = 0, z = 1,  :

d(x, y) = 102 = 100 > d(x, z) + d(z, y) = 92 + 12 = 82

D          .

2. Dmustr qu d(x, y) =


x− y n un ḿtr sor l onunto  los númros
rls.

A     ,        
   ́  ́.

) I ,      :

d(x, y) =


x− y ≥ 0, ∀x, y ∈ R

  ́   ́ d.

) S  x, y ∈ R    :

d(x, y) = 0 ⇔


x− y = 0 ⇔ x− y = 0 ⇔ x = y

) N      ́ı   ́  ́. V ,
  x, y  R,   

d(x, y) =


x− y =


y − x = d(y, x)

) N  ́ı    . C    , ́ -
  x, y, z ∈ R . D ́ı,      
 Á Ḿ:

√
a+ b ≤ √

a+
√
b, ∀a, b ∈ R+,
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CAPÍTULO 1. ESPACIOS MÉTRICOS. COMPLETITUD

          . P 
     :

d(x, z) + d(z, y) =


x− z+


z − y ≥


x− z+ z − y ≥


x− y = d(x, y),

     ,  ́ı   d   ́.

3. Dmustr qu l ḿtr d(x, y) = j∈N ξj − ηj sor ℓ∞ sts l sul
trnulr.

C       , ,   
  . Áı,     x = (ξj)j∈N, y = (ηj)j∈N, z =
(µj)j∈N    ℓ∞. D ,  

d(x, z) + d(z, y) = 
j∈N

ξj − µj+ 
j∈N

µj − ηj ≥ ξj − µj+ µj − ηj ≥ ξj − ηj,

  j ∈ N. P  , d(x, z) + d(z, y) ≥ d(x, y),     ́ı
.

4. Pru qu un ḿtr ltrntv d̃ sor l spo C([a, b]) st́ n por

d̃(x, y) =

 b

a

x(t)− y(t)dt, ∀x, y ∈ C([a, b])

) C     ,  x, y ∈ C([a, b]) 

d̃(x, y) =

 b

a

x(t)− y(t)dt ≥ 0,

       ,        .

) S  x, y ∈ C([a, b])   

d̃(x, y) = 0 ⇔
 b

a

x(t)− y(t)dt = 0,

  ́ ,    x(t)− y(t) = 0 ⇔ x(t) = y(t), ∀t ∈ [a, b],  
   ́         
    ́ . V́:

⇐) R  ́. R  ,  f ∈ C([a, b])  

f(t) = 0,   t ∈ [a, b], 
 b

a
f(t)dt = 0.

⇒) S,   ,   x0 ∈ (a, b)    f(x0) > 0.

P     ́        > 0
  f(x) > 0,   x ∈ (x0 − , x0 + ).

E  

x0 − 

2
, x0 +


2


⊂ (x0−, x0+). Áı,   f [x0− ε

2
,x0+

ε
2 ]
-

       ́    . D,

10



CAPÍTULO 1. ESPACIOS MÉTRICOS. COMPLETITUD

 , xm        ı́   xM 
      ́ . S,   , R  ́  ́-



x0 − 

2
, 0

,

x0 +


2
, 0

,

x0 − 

2
, f(xm)


,

x0 +


2
, f(xm)


. R  

  :

0 < A(R) ≤
 b

a

f(t)dt = 0

     ́     .

) C x, y ∈ C([a, b])  ́  :

d̃(x, y) =

 b

a

x(t)− y(t)dt =
 b

a

y(t)− x(t)dt = d̃(y, x),

      ́ı.

) F,         . A 
,   x, y, z ∈ C([a, b])  ́ 

d̃(x, y) =

 b

a

x(t)− y(t)dt =
 b

a

(x(t)− z(t)) + (z(t)− y(t))dt

≤
 b

a

x(t)− z(t)dt+
 b

a

z(t)− y(t)dt = d̃(x, z) + d̃(z, y)

C     d̃         
   [a, b].

5. (Dstn  Hmmn) S X l onunto  tos ls trplts orns  ros
y unos. Dmustr qu X st́ ormo por oo lmntos y qu un ḿtr d sor X
st́ n por d(x, y) = númro  stos on x  y tnn rnts ntrs.

Q    X ́    ,   ́ 
    . D     3 ,    
     , ,   ́ ,
      ́,       
 VR3

2 = 23 = 8 .

M  ,       ́ d  
,  ,  ́.

) O,   ́  d(x, y) ≥ 0, ∀x, y ∈ X     ́
      . Ḿ ́,    d(x, y) ≤
3, ∀x, y ∈ X .

) S  x, y ∈ X   

d(x, y) = 0 ⇔ x = y,

 ,     ,     ,  , 
    .

11



CAPÍTULO 1. ESPACIOS MÉTRICOS. COMPLETITUD

) L ́ı   ́ ́      , 
x, y ∈ X ,  d(x, y) = n ∈ 0, 1, 2, 3,  , n   ́  
   x   y; ́    ́  
  y   x,   d(x, y) = d(y, x).

) A  ́      . P , 
x, y, z ∈ X     

d(x, y) ≤ d(x, z) + d(z, y)

E  ,   ,  x = y = z,    . D
  ,  z = x  z = y,      . N 
z ̸= x, z ̸= y  ,     , d(x, y) = n , 
 , d(x, z) + d(z, y) = k. D  z ̸= x, z ̸= y,    d(x, z) ≥ 1 
d(z, y) ≥ 1,       k ≥ 2. D  ,    n = 1, n = 2, 
   . N        n = 3,
  ́ı        x = (0, 0, 0), y = (1, 1, 1)  . N
,   ,   z    , k = 3,  
       ́   ,  ́ı
 

d(x, y) ≤ d(x, z) + d(z, y), ∀x, y, z ∈ X

D , d   ́  X     ́ı .

6. (Dsul trnulr) L sul trnulr tn mus onsuns útls.
Utlzno

d(x1, xn) ≤ d(x1, x2) + d(x2, x3) + · · ·+ d(xn−1, xn), (1.1)

mustr qu
d(x, y)− d(z, w) ≤ d(x, z) + d(y, w)

C      :

d(x, y)
(1.1)

≤ d(x, z) + d(z, w) + d(y, w),

d(z, w)
(1.1)

≤ d(z, x) + d(x, y) + d(y, w)

D :

d(x, y)− d(z, w)
(1.1)

≤ d(x, z) + d(y, w),

d(z, w)− d(x, y)
(1.1)

≤ d(z, x) + d(y, w),

    

d(x, y)− d(z, w) ≤ d(x, z) + d(y, w)

    .

12



CAPÍTULO 1. ESPACIOS MÉTRICOS. COMPLETITUD

7. (Axoms  un ḿtr) (M1)  (M4) poŕın sr rmplzos por otros xoms
(sn mr l nón). Aśı, mustr qu (M3) y (M4) pun otnrs  (M2)
y

d(x, y) ≤ d(z, x) + d(z, y)

I   (M3)      (M2). T z = y,


d(x, y)− d(y, x) ≤ d(z, x) + d(z, y)− d(y, x) = d(y, x) + d(y, y)− d(y, x) = 0

P  ,   z = x   

d(y, x)− d(x, y) ≤ d(z, y) + d(z, x)− d(x, y) = d(x, y) + d(x, x)− d(x, y) = 0

L     :

d(x, y)− d(y, x) ≤ 0 ⇒ d(x, y) = d(y, x), ∀x, y ∈ X

D     (M3). P     (M4)  -
  ́  (M2)    . S    x, y, z ∈ X  
 :

d(x, y) ≤ d(z, x) + d(z, y)

C  w = x,  :

d(x, y) ≤ d(z, x) + d(z, y) ≤ d(w, z) + d(w, x) + d(z, y)

= d(x, z) + d(x, x) + d(z, y) = d(x, z) + d(z, y),

   ́.

8. Utlzno qu

 ≤ p

p
+

q

q
, ∀,  > 0,

on p, q xponnts onuos, mostrr qu l m oḿtr   y  no x
 l m rtḿt.

B    
√
 ≤ α+β

2
,   ,  ∈ R+.

C    p = q = 2,      
 pq = 4 = p+ q. D ,  ,  ∈ R+  :

 ≤ 2 + 2

2
⇔ 2 ≤ 2 + 2

⇔ 4 ≤ 2 + 2 + 2 = ( + )2

⇔  ≤

 + 

2

2

,

      :


 ≤  + 

2
, ∀,  ∈ R+

13



CAPÍTULO 1. ESPACIOS MÉTRICOS. COMPLETITUD

9. (Espo ℓp) Enuntr un susón qu onvr  ro, pro no st́ n nnún
spo ℓp, on 1 ≤ p < ∞.

C  ́ x = (ξj)j∈N  ́  ξj =
1
j
 3j , 

:

x = (ξj)j∈N = 1, 1, 1  
3 veces

,
1

2
,
1

2
, · · · , 1

2  
9 veces

, · · ·

S       (xj)j∈N → 0 (j → ∞). N ,
  x ∈ ℓp,    p ≥ 1 . S   , ,
p ∈ [1,∞)    :

1p + 1p + 1p +
1

2p
+ · · ·+ 1

2p
+ · · · =

∞

j=1

ξjp =
∞

j=1

3j

1

j

p

O,  ,   ́     . S , ́
             ́ ,

 :


3j

jp


j∈N

→ ∞ (j → ∞)   p ≥ 1. D  ,   

x ∈ ℓp,    1 ≤ p < ∞.

10. (D́mtro  un onunto oto) El ́mtro (A)  un onunto no v́ıo A n
un spo ḿtro (X, d) st́ no por

(A) = 
x,y∈A

d(x, y)

El onunto A s  qu s oto s (A) < ∞. Dmustr qu s A ⊂ B ntons
(A) ≤ (B).

S X = (X, d)   ́   A,B ⊂ X    A ⊂ B.
A,  ́   :

(A) = 
x,y∈A

d(x, y), (B) = 
x,y∈B

d(x, y)

Y  A ⊂ B,    ́     ́    
,  :

(A) = 
x,y∈A

d(x, y) ≤ 
x,y∈B

d(x, y) = (B),

     .

11. (Dstn ntr os onuntos) L stn D(A,B) ntr os onuntos no v́ıos
A,B  un spo ḿtro (X, d) st́ n por

D(A,B) = ı́
a∈A, b∈B

d(a, b)

Mustr qu D no n un ḿtr sor l onunto potn  X.

14



CAPÍTULO 1. ESPACIOS MÉTRICOS. COMPLETITUD

P   D            
  X , ́           
      ́. C ,  , X = (R2, de),
 de    ́ı  :

A = (x, y) ∈ R2 : x ≥ y, y ≥ 0, x ≤ 1,

B = (x, y) ∈ R2 : x ≤ 1

2
− y, y ≥ 0, x ≥ −1

R     

D(A,B) = ı́
a∈A, b∈B

de(a, b) = 0,

  A  B ̸= ∅ ( ,  , (0, 0)      -
). A   ,    A ̸= B,       ,
, D    .

12. L stn D(x,B)  un punto x  un suonunto no v́ıo B  un spo
ḿtro (X, d) st́ n por

D(x,B) = ı́
b∈B

d(x, b),

 uro on l prolm ntror. Dmustr qu pr ulsqur x, y ∈ X:

D(x,B)−D(y, B) ≤ d(x, y)

P      ́. A     x, y ∈ X 
  

D(x,B) = ı́
b∈B

d(x, b) ≤ ı́
b∈B

(d(y, b) + d(x, y)) = D(y, B) + d(x, y),

D(y, B) = ı́
b∈B

d(y, b) ≤ ı́
b∈B

(d(x, b) + d(x, y)) = D(x,B) + d(x, y)

D      

D(x,B) ≤ D(y, B) + d(x, y) ⇒ D(x,B)−D(y, B) ≤ d(x, y),

D(y, B) ≤ D(x,B) + d(x, y) ⇒ D(y, B)−D(x,B) ≤ d(x, y)

L      

D(x,B)−D(y, B) ≤ d(x, y)

13. Dmustr qu l unón  os onuntos otos A y B n un spo ḿtro, s
un onunto oto.
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S  A,B ⊂ X      ́ X = (X, d). P
    ́  ́,    MA,MB > 0
    d(a, 0) < MA,   a ∈ A ,    , d(b, 0) < MB, 
 b ∈ B.

A ,   M := ́MA,MB     
A  B   .

S ́ı x ∈ A  B,     x ∈ A  , x ∈ B. S   x ∈ A,
   A    ́ı  d(x, 0) < MA ≤ M . P  ,  
  ́,    x ∈ B,      
d(x, 0) < MB ≤ M . E         A  B
     ,    (A B) < ∞,  ́ı  
́       ́,  ́ .

14. El prouto rtsno X = X1 × X2  os spos ḿtros (X1, d1) y (X2, d2)
pu onvrtrs tḿn n un spo ḿtro. Dmustr qu s un ḿtr d̃, l
plón  por

d̃(x, y) =


d1(x1, y1)2 + d2(x2, y2)2

A      ,      
   ́    ́.

) O      d̃(x, y) ≥ 0, ∀x, y ∈ X 
     ́ı        .

) S   x, y ∈ X    

d̃(x, y) = 0 ⇔


d1(x1, y1)2 + d2(x2, y2)2 = 0 ⇔ d1(x1, y1) = 0 ∧ d2(x2, y2) = 0

A ,   d1  d2   ́    
́X1 X2, ,   ́ ,   , x1 = y1∧x2 =
y2,  , ,   , x = y.

) C  x, y ∈ X         ́ı.
V ,   d1, d2 ́,    ,    :

d̃(x, y) =


d1(x1, y1)2 + d2(x2, y2)2 =


d1(y1, x1)2 + d2(y2, x2)2 = d̃(y, x)

) F        . E ́,
,  ́      . S  x, y, z ∈ X 
 

d1(x1, y1)
2 ≤ (d1(x1, z1) + d1(z1, y1))

2 = d1(x1, z1)
2 + d1(z1, y1)

2 + 2d1(x1, z1)d1(z1, y1),

d2(x2, y2)
2 ≤ (d2(x2, z2) + d2(z2, y2))

2 = d2(x2, z2)
2 + d2(z2, y2)

2 + 2d2(x2, z2)d2(z2, y2)

C :

d̃(x, y)2 = d1(x1, y1)
2 + d2(x2, y2)

2

≤ d1(x1, z1)
2 + d1(z1, y1)

2 + d2(x2, z2)
2 + d2(z2, y2)

2

16
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+ 2(d1(x1, z1)d1(z1, y1) + d2(x2, z2)d2(z2, y2))

= d̃(x, z)2 + d̃(y, z)2 + 2

2

i=1

di(xi, zi)di(zi, yi)

P        Ḧ    p = q = 2, 
   :

d̃(x, z)2 + d̃(y, z)2 + 2

2

i=1

di(xi, zi)di(zi, yi)

≤ d̃(x, z)2 + d̃(y, z)2 + 2


2

i=1

di(xi, zi)2


2

i=1

di(zi, yi)2

= d̃(x, z)2 + d̃(y, z)2 + 2d̃(x, z)d̃(z, y)

= (d̃(x, z) + d̃(z, y))2

E ,       

d̃(x, y)2 ≤ (d̃(x, z) + d̃(z, y))2,

    ́     ,  d̃ 
 ́  X .

15. Dsr oḿtr y nĺıtmnt l ol B(x0, 1) n R. Arqu l msm us-
tón sor l urpo  los númros omplos, C, y sor l spo C([a, b]).

Ń    ́     R,  

B(x0, 1) = x ∈ R : d(x, x0) < 1 = x ∈ R : x− x0 < 1 = (x0 − 1, x0 + 1)

P  ,     C   

B(x0, 1) = x ∈ C : d(x, x0) < 1 = x ∈ C : R(x− x0)
2 + I(x− x0)

2 < 1,

           x0    1, D(x0, 1).

P ́,     C([a, b])     

d(x, y) = ́
t∈[a,b]

x(t)− y(t),

 ́  

B(x0, 1) = x ∈ C([a, b]) : d(x, x0) < 1 =


x ∈ C([a, b]) : ́

t∈[a,b]
x(t)− x0(t) < 1


,

 ,            
 x0 ∈ C([a, b])    1.

17
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16. Dmustr qu ulqur onunto no v́ıo A  un spo ḿtro (X, d) s rto
s, y solo s, s unón  ols rts.

⇐) S     A =


i∈I B(xi, ri)  I   
 ı́, , N. P  A     ́   
.

S x ∈ A,   j ∈ I    x ∈ B(xj , rj). D  B(xj , rj) 
,      ,  ,  x > 0  

B(x, x) ⊂ B(xj , rj) ⊂


i∈I
B(xi, ri) = A

Áı    A   .

⇒) P     A  ́      
. S    x ∈ A,   A    ́ı,  

x > 0   B(x, x)
(1)
⊂ A. A ,    A ⊂ 

x∈A B(x, x).
N    ́ ́ı. P ,   y ∈ 

x∈A B(x, x),
     y   y ∈ B(y, y) ⊂ A ́ (1). D ́ı   
́  ,  

A =


x∈A
B(x, x)

17. S x s un punto  umulón  un suonunto A  un spo ḿtro (X, d),
mustr qu ulqur ntorno  x ontn nntos puntos  A.

N             x ∈ X ,  :

Bx = B(x, r) : r ∈ R+,

  ,  U      x ∈ X ,   r > 0 
 B(x, r) ⊂ U .

A ,  x ∈ A′,  ,   ́  A,   ́:

∀ > 0   B(x, )  (A− x) ̸= ∅,

 ,    y ̸= x  X    y ∈ B(x, )  A.

S,    ,    ́ ,  n,  -
  A  B(x, ), x0, x1,    , xn−1. P   , ,  ,
 ́    ́,   ́    
:

x ∈ A′ ⇔ ∃ (xn)n∈N ∈ S(A− x) : (xn)n∈N → x

N ,   B(x, )   ́     A 
 x,     ́ (xn)n∈N   . Ć.

Áı, B(x, )   ́     A. B   
  > 0,     .

18
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18. Mustr qu l lusur B(x0, r)  un ol rt B(x0, r) n un spo ḿtro
pu rr  l ol rr B(x0, r).

P  ́    . P ,  X = R2

   ́  ,  , ́  

d(x, y) = 0, x = y, d(x, y) = 1, x ̸= y

D ,   B(x0, 1)  x0 ∈ R2. Ń 

B(x0, 1) = x ∈ R2 : d(x, x0) ≤ 1 = R2

M ,   

B(x0, 1) = x ∈ R2 : d(x, x0) < 1 = x0 = x0

D  , B(x0, 1) ⊊ B(x0, 1).

19. Un punto x no prtnnt  un onunto rro M ⊂ (X, d) smpr tn un
stn stnt  ro  M . Pr pror sto, mustr qu x ∈ A s, y solo s,
D(x,A) = 0; qúı A s un suonunto no v́ıo  X.

⇒) C  ,  x ∈ A ⊂ A,  D(x,A) = ı́y∈A d(x, y) = 0.
S   x ∈ A−A      D(x,A) = 0. S 
x ∈ A′ ,  ,  ́:

∀ > 0, B(x, )  (A− x) ̸= ∅ =⇒ ∃ x0 ∈ A− x : d(x, x0) < 

N ́ı 

D(x,A) = ı́
y∈A

d(x, y) ≤ d(x, x0) < 

B     → 0,   D(x,A) = 0.

⇐) P   ́ ,    D(x,A) = 0. E
 ́:

D(x,A) = ı́
y∈A

d(x, y) = 0

A   x ∈ A 

∀ > 0, B(x, )  A ̸= ∅,

 , 

∀ > 0, y ∈ X : d(x, y) <   A ̸= ∅

P ́,   D(x,A) = ı́y∈A d(x, y) = 0,     x0 ∈ A
    d(x, x0) < ,    > 0,      x ∈ A.
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20. (El spo B([a, b])) El spo  tos ls unons rls  vrl rl ots
n l ompto [a, b] s not usulmnt por B([a, b]). Dmustr qu B([a, b]), a < b,
no s sprl.

C     ́   B([a, b]) ́  

d(x, y) = 
t∈[a,b]

x(t)− y(t), ∀x, y ∈ B[a, b]

A,        ,    ́ 
 ́ı :    ́ X ,      
    ́ı    X   .

R       ,  ́  -
    . P ,      
K,  ́   

i(t) =


0 si i ̸= t

1 si i = t

A ,  ,  i, j ∈ [a, b]  i ̸= j    

d(i, j) = 
t∈[a,b]

i(t)− j(t) = 1,

    i, j  . L ,  
r > 0   ̃,  r = 12,   B(i, 12) B(j , 12) = ∅.
D  ,          . C
,           :

F = B(i, 12) : i ∈ [a, b]

E   F         ( 
   ı́)  ,         ́ 
 ;  ́ı   ́   . C ,  
      ,  ,  ,  
 B([a, b]), a < b   ,   ́ı .

21. Dmustr qu un plón T : X → Y s ontnu s, y solmnt s, l mn
nvrs  ulqur onunto rro M ⊂ Y s un rro n X.

⇒) C   T  . S  x = (ξn)n∈N  ́ 
  T−1(M)  (ξn) → ξ (n → ∞). N     ξ ∈ T−1(M).
R    (T (ξn))n∈N   ́    M   
 (T (ξn)) → T (ξ) (n → ∞)       T . D  M  
,  T (ξ) ∈ M ,  , ξ ∈ T−1(M).

⇐) A       M ⊂ Y ,  T−1(M) ⊂ X
  . E         T  
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,      ,    ́ x = (ξn)n∈N  (ξn) → ξ (n → ∞),
   (T (ξn)) → T (ξ) (n → ∞). S M = (T (ξn)). E   M   
 . D , T−1(M)  ́ . A,  T (ξ) ̸= ́ın→∞ T (ξn)
 T (ξ) ∈ M ,   ξ ∈ T−1(M). S , (ξn)n∈N   ́ 
  T−1(M),   ,   ξ ∈ M . Ć. P  ,
(T (ξn)) → T (ξ),      T .

22. S (xn)n∈N s un susón  Cuy y tn un sususón onvrnt, mos,
(xσ(n)) → x, mustr qu (xn)n∈N s onvrnt on ĺımt x.

E  ,   (xn)n∈N   C,   ́:

∀ > 0, ∃m1 ∈ N : p, q ∈ N, p, q > m1 ⇒ d(xp, xq) <


2


P  ,  σ : N → N  ́      
́ (xσ(n))n∈N   x ∈ X . E:

∀ > 0, ∃m2 ∈ N : n ∈ N, n > m2 ⇒ d(xσ(n), x) <


2


A   (xn) → x. S     > 0   m :=
́m1,m2. Áı,  n > m,  ́      -
:

d(xn, x) ≤ d(xn, xσ(n)) + d(xσ(n), x) <


2
+



2
= ,

  ,  ,  (xn) → x.

23. (Aotón) Pru qu to susón  Cuy s ot.

S    (xn)n∈N  ́  C. E   ́  :

∀ > 0, ∃m ∈ N : p, q ∈ N, p, q > m ⇒ d(xp, xq) < 

C      ́     . D-
 ́   m  ́   ́. A  , 
 = ́i,j=1,,m d(xi, xj). E ́   M := ́, ,  

d(xn, 0) ≤ d(0, x1) + d(x1, x2) + · · ·+ d(xm−1, xm) + d(xm+1, xn)

≤ d(0, x1) + (m− 1) +  ≤ d(0, x1) +mM < ∞

S      (xn)n∈N  .

24. S (xn)n∈N, (yn)n∈N son susons  Cuy n un spo ḿtro (X, d), mus-
tr qu (an)n∈N, on an = d(xn, yn), s onvrnt.
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D  (xn)n∈N, (yn)n∈N     C,    

∀ > 0, ∃m1 ∈ N : p, q ∈ N, p, q > m1 ⇒ d(xp, xq) <


2
,

∀ > 0, ∃m2 ∈ N : p, q ∈ N, p, q > m2 ⇒ d(yp, yq) <


2


A ,   an = d(xn, yn),  , (an)n∈N    
́  R. C , ́   (an)n∈N   C   
  R. V 

ap = d(xp, yp) ≤ d(xp, xq) + d(xq, yq) + d(yq, yp)

= d(xp, xq) + aq + d(yq, yp)

⇒ ap − aq ≤ d(xp, xq) + d(yq, yp)

M ,   

aq = d(xq, yq) ≤ d(xp, xq) + d(xp, yp) + d(yq, yp)

= d(xp, xq) + ap + d(yq, yp)

⇒ aq − ap ≤ d(xp, xq) + d(yq, yp)

D  ,   ap − aq ≤ d(xp, xq) + d(yq, yp). O 
,    m := ́m1,m2,  :

d(ap, aq) = ap − aq ≤ d(xp, xq) + d(yq, yp) <


2
+



2
= , ∀p, q > m,

     ́ (an)n∈N   C ,  , .

25. S d1 y d2 son ḿtrs sor l msmo spo vtorl X y xstn os rls
postvos a, b tls qu pr too x, y ∈ X:

a · d1(x, y) ≤ d2(x, y) ≤ b · d1(x, y),

mustr qu ls susons  Cuy n (X, d1) y n (X, d2) son ls msms.

E  ,   (xn)n∈N  ́  C    ́
(X, d1). E

∀ > 0, ∃m ∈ N : p, q ∈ N, p, q > m ⇒ d1(xp, xq) <


b


A,             

d2(xp, xq) ≤ b · d1(xp, xq) < b


b
= ,

  p, q > m. L ,    (xn)n∈N   ́
 C  (X, d2).
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S  (xn)n∈N  ́  C   ́ (X, d2). P ́

∀ > 0, ∃m ∈ N : p, q ∈ N, p, q > m ⇒ d2(xp, xq) < a

Áı, ́            , 
,

a · d1(xp, xq) ≤ d2(xp, xq) ⇒ d1(xp, xq) ≤
1

a
d2(xp, xq) <

1

a
a = ,

  p, q > m. E    (xn)n∈N    ́  C
 (X, d1).

26. Utlzno qu R s omplto, mustr qu C s un spo ḿtro omplto
qupo on l stn usul.

C     ́   C ́  :

d(x, y) =


R(x− y)2 + I(x− y)2, ∀x, y ∈ C

A ,  (zn)n∈N  ́  C    C. E

∀ > 0, ∃m ∈ N : p, q ∈ N, p, q > m ⇒ d(zp, zq) < 

P  ,     (R(zn))n∈N  (I(zn))n∈N 
     C  R  ,   ́  ,
  p, q > m ,

R(zp − zq)
2 < 2 ⇒ R(zp)− R(zq) < ,

I(zp − zq)
2 < 2 ⇒ I(zp)− I(zq) < 

Áı,   R     ́ ,   
 ,  (R(zn))

n→∞−−−→ Re(z) ,    , (I(zn))
n→∞−−−→ I(z).

D  ,      w = R(z) + iI(z). D
  w ∈ C   (zn)

n→∞−−−→ w. E ,   ,  w ∈ C. V
 ,  ́,        ́ (zn)n∈N  
:

d(zn, w) =


R(zn − w)2 + I(zn − w)2

=


(R(zn)− R(w))2 + (I(zn)− I(w))2

=


(R(zn)− R(z))2 + (I(zn)− I(z))2

< 
√
2,

  ,  ,  (zn)
n→∞−−−→ w. D     ́

 C  (zn)n∈N,    C  .
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27. S X l spo  tos ls n-tupls orns x = (ξ1,    , ξn)  númros rls
y

d(x, y) = ́
j=1,,n

ξj − ηj,

on y = (ηj)j∈1,,n. Dmustr qu (X, d) s omplto.

C   (xm)m∈N  ́  C  X . E:

∀ > 0, ∃ k ∈ N : p, q > k ⇒ d(xp, xq) = ́
j=1,,n

ξ(p)j − ξ
(q)
j  < 

N m   n-       j  ́   n-.
A,   j ∈ 1,    , n     ,  p, q > k, 

ξ(p)j − ξ
(q)
j  <  (1.2)

E    ́  ́  (ξ
(1)
j , ξ

(2)
j ,    )   C. D ́ı,

    R,  ́   , , (ξ
(m)
j )

m→∞−−−→
ξj .

D  ,      ξ = (ξ1, ξ2,    , ξn)  ́ı
  ́ (ξm)m∈N. D    ξ ∈ X   (xm)

m→∞−−−→ ξ.
E ,   ,  ξ ∈ X       n- 
 ́ . P    ́  (xm) → ξ. D  ́ (1.2),
 q → ∞, 

ξ(p)j − ξj ≤ , ∀p > m

Á,     j ∈ 1,    , n   (ξ
(1)
j , ξ

(2)
j ,    )   ξj ,

   

d(xm, ξ) = ́
j=1,,n

ξ(m)
j − ξj

 < ,

    (xm)
m→∞−−−→ ξ ,  , (X, d)    ́ .

28. S M ⊂ ℓ∞ l suspo ormo por tos ls susons x = (ξj)j∈N on un
númro nto  t́rmnos stntos  ro. Dmostrr qu M no s omplto.

P  ́   , ́    M ⊂ ℓ∞  
,   ,    ℓ∞ (      ),   ́
 ,   ,  ́ı   ́     M , 
́    M .

E ,   ́   ́ (xn)n∈N  M ,   ́ı
       M . S ́ı  (xn)n∈N  M ⊂ ℓ∞  ́ 
́ 

ξ
(n)
j =




0 si j > n,

1

ej
si j ≤ n
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Q,   n ∈ N, xn     M      
́   ́  . D   ́   C ́
́ . S,  ,  > 0   m ∈ N  m + 1 >  (1). Áı, 
p, q ∈ N, p > q > m:

d(xp, xq) = 
j∈N

ξ(p)j − ξ
(q)
j  (p>q)

=
1

eq+1
<

1

em+1
< 

D ,       (xn) → (1en) ∈ M ,  
́      ́   .

D  ,    ́  C    M    
́ı      M ,      M    
 ℓ∞. P  ,   (ℓ∞, d)    ́ ,  M  
 ,     ́ı .

29. Dmustr qu l onunto  toos los númros rls s un spo ḿtro nom-
plto s tommos

d(x, y) =  (x)− (y)

P   (R, d)    ́ , ́  
 ́  C    .

C   ((n))
n→∞−−−→ π

2
. E       ́

(xn)n∈N = (n)n∈N  R. E       ́  

(n)− π

2

 < 

2
, ∀ > 0,

 n ∈ N   . R  ́,   
  (xn)n∈N   ́  C.

S   > 0,      m ∈ N    n > m, 
 (n)− π2 < 2. Áı,  p, q ∈ N, p, q > m :

d(xp, xq) =  (p)− (q) ≤
(p)− π

2

+
π
2
− (q)

 < 

2
+



2
= ,

    (xn)n∈N   C. S   (xn)n∈N   ́
,  ́ x ∈ R  

∀ > 0, ∃m ∈ N : n ∈ N, n > m ⇒ d(xn, x) < ,

 , d(xn, x) =  (n)−(x) <    n > m. P   
   ,     (x) = π2. S ,   
   Á Ḿ, (x) < π2,   x ∈ R,   
 (xn)n∈N    ́ . Áı, (R, d)   .

30. (Espo C([a, b])) Dmustr qu l suspo Y ⊂ C([a, b]) ormo por tos ls
unons x ∈ C([a, b]) tls qu x(a) = x(b) s omplto.
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C  (C([a, b]), d)    ́      

d(x, y) = ́
t∈[a,b]

x(t)− y(t), ∀x, y ∈ C([a, b])

D  ,   Y ⊂ C([a, b])    ́   
    C([a, b]). P ,   x ∈ Y ,    ́
(xn)n∈N  Y   (xn)

n→∞−−−→ x  C([a, b]). E ,

∀ > 0, ∃m ∈ N : n ∈ N, n > m ⇒ d(xn, x) < ,

     , ́t∈[a,b] xn(t)−x(t) < ,   n > m. Áı,   t ∈ [a, b]
   

xn(t)− x(t) < , ∀n > m,

  , ,  (xn(t))n∈N     x(t) 
[a, b]. Áı,       ́     [a, b] 
 ,   ́ı x(t)   ́    .
P   x ∈ Y  ́   x(a) = x(b). P   
 

x(a)− x(b) = x(a)− xn(a) + xn(a)− xn(b) + xn(b)− x(b)
≤ x(a)− xn(a)+ xn(a)− xn(b)  

0

+xn(b)− x(b)

= x(a)− xn(a)+ xn(b)− x(b)
≤ 2 ́

t∈[a,b]
xn(t)− x(t) = 2d(xn, x)

T ́ı  n → ∞,   (xn) → x    

x(a)− x(b) ≤ 2d(xn, x)
n→∞−−−→ 0

P  , x(a) = x(b) ,  , x ∈ Y . Áı , Y   ,   
 , (Y, d)  .

31. Dmustr qu l spo ḿtro srto s omplto.

S  (X, d)      ́  

d(x, y) = 0, x = y, d(x, y) = 1, x ̸= y

C (xn)n∈N  ́  C  (X, d),  

∀ > 0, ∃m ∈ N : p, q ∈ N, p, q > m ⇒ d(xp, xq) < 

A,  xp ̸= xq,  d(xp, xq) = 1,      ́ 
 ∈ (0, 1). P ,      xp = xq   p, q > m.
E    ́   C    ́  
 (,   ,  ́   ́). P   
    ,        (X, d) 
  ́ .
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32. En l spo sunl S(A) tnmos qu un susón (xn) → x s, y solo s,

(ξ
(n)
j ) → ξj pr too j ∈ N, on xn = (ξ

(n)
j ) y x = (ξj). Dmustr qu S s omplto

qupo on l ḿtr

d(x, y) =

∞

j=1

1

2j
ξj − ηj

1 + ξj − ηj
, ∀x, y ∈ S,

sno x = (ξj), y = (ηj).

P   S  ,   (xn)n∈N  ́  C  (S, d).
E,    > 0  m ∈ N    p, q > m 

d(xp, xq) =

∞

j=1

1

2j
ξ(p)j − ξ

(q)
j 

1 + ξ(p)j − ξ
(q)
j 

< 

E ,   j ∈ N ,  ́ 

1

2j
ξ(p)j − ξ

(q)
j 

1 + ξ(p)j − ξ
(q)
j 

< , ∀p, q > m

L         ́:

ξ(p)j − ξ
(q)
j  < 2j(1 + ξ(p)j − ξ

(q)
j ),

 ,
(1− 2j)ξ(p)j − ξ

(q)
j  < 2j,

  p, q > m. A ,    < 12j ,  1− 2j > 0 ,   

ξ(p)j − ξ
(q)
j  < 2j

1− 2j
=

1

1− 2j
− 1, ∀p, q > m

J   ́ ,     (1(1−2j)−1)
→0+−−−→ 0. E

       ́ (ξ
(1)
j , ξ

(2)
j ,    )   C , ́, 

́ . P  ,   R   ,   ́ ́
, (ξ

(n)
j )

n→∞−−−→ ξj ,   j ∈ N.
D  ,          

,  x := (ξj),  (xn) → x. D ,     (xn)n∈N, 
  S  .

33. Dmustr qu l susón  Cuy (xn)n∈N sor (C([0, 1]), d), on

d(x, y) =

 1

0

x(t)− y(t)dt, ∀x, y ∈ C([0, 1]);

 por

xn(t) =





n t ∈

0,

1

n2


,

1√
t

t ∈

1

n2
, 1


,

no s onvrnt.
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S  ́  (xn)n∈N  . E ́ x ∈
C([0, 1])   

∀ > 0, ∃m ∈ N : n ∈ N, n > m ⇒ d(xn, x) < 

E 

d(xn, x) =

 1

0

xn(t)− x(t)dt =
 1

n2

0

n− x(t)dt+
 1

1
n2


1√
t
− x(t)

 dt < 

D  ,   ́ı  n → ∞,   :

́ı
n→∞

d(xn, x) = ́ı
n→∞

 1
n2

0

n− x(t)dt+
 1

1
n2


1√
t
− x(t)

 dt


=

 1

0

 1√
t
− x(t)dt = 0

P ́      4. ́ı    x(t) = 1
√
t  

t ∈ (0, 1]. N  , ,   ́ x ∈ C([0, 1])   
      t = 0,     ́. Q ́ı
   ́ (xn)n∈N   .

34. ¿Cúl s l ompltón  (X, d), on X s l onunto  toos los númros
ronls y d(x, y) = x− y pr too x, y ∈ X?

S    ́ (Q, d),  ,     ́  
   ́ı. P   ́   ́  ́,
    ́,  ,    ́ 
(X̃, d̃)       W ́  Q    W = X̃ .

N   ́   ́ (R, d),  , R  
 ́ . S  W = Q,       ́
 ́  ́ı  Q  W . Á,  Q = R,    ́
́,    x ∈ R,    ́ (xn)n∈N  
 Q    (xn)

n→∞−−−→ x,     Q′ = R.
T  ,  ,  (R, d)   ́   ́ -

  (Q, d).

35. S X1 y X2 son soḿtros y X1 s omplto, mustr qu X2 tḿn s omplto.

C  ,  X1  X2,  ́  d, d̃, ,
 ́    ́  T : X1 → X2  

d(x, y) = d̃(T (x), T (y)), ∀x, y ∈ X1

M ,     X2  . S    (x
(2)
n )n∈N

 ́  C  X2. E

∀ > 0, ∃m ∈ N : p, q > m ⇒ d̃(x(2)
p , x(2)

q ) < 
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N ,   T  ,   x
(2)
p , x

(2)
q    

́  ́   X1,  , ́ x
(1)
r , x

(1)
s ∈ X1,  r, s ∈ N, -

   ́ (x
(1)
n )n∈N     T (x

(1)
r ) = x

(2)
p , T (x

(1)
s ) = x

(2)
q ,  

 ́ , , ́

∀ > 0, ∃m ∈ N : r, s > m ⇒ d̃(T (x(1)
r ), T (x(1)

s )) < 

P   T  ́ı,  ,  

d̃(T (x(1)
r ), T (x(1)

s )) = d(x(1)
r , x(1)

s ) < , ∀r, s > m

E   (x
(1)
n )n∈N    ́  C  X1 ,   

 ,   ,   x ∈ X1   x = ́ın x
(1)
n . P

́,   

∀ > 0, ∃n0 ∈ N : n > n0 ⇒ d(x(1)
n , x) < 

A   ́   T   ́ı    

d(x(1)
n , x) = d(T (x(1)

n ), T (x)) = d(x(2)
n , T (x)) < , ∀n > n0

E   (x
(2)
n )

n→∞−−−→ T (x) ∈ X2 ,  ,    

(x
(2)
n )n∈N,    X2  ,  ́.

36. Dmustr qu C([0, 1]) y C([a, b]) son soḿtros.

C           ́,
   ́ T : C([0, 1]) → C([a, b])      
 ,  

d(x, y) = d̃(T (x), T (y)), ∀x, y ∈ C([0, 1]),

 d  d̃      C([0, 1])  C([a, b]), . A 
,    T : C([0, 1]) → C([a, b])  

T (x(t)) = x(a+ t(b− a)), ∀x ∈ C([0, 1])

D   ́ ́    . P ,  -
    t → a + t(b − a),   ́ı ,  
  ́     [0, 1]  [a, b]. P,  
 ,       ́ T ,   
 ́     , , T  .

C    ,  x, y ∈ C([0, 1]). E

d(T (x), T (y)) = ́
t∈[0,1]

T (x(t))− T (y(t)) = ́
t∈[0,1]

x(a+ t(b− a))− y(a+ t(b− a))
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S   s = a+ t(b− a),      :

́
t∈[0,1]

x(a+ t(b− a))− y(a+ t(b− a)) = ́
s∈[a,b]

x(s)− y(s) = d̃(x, y)

D ́ı, d(T (x), T (y)) = d̃(x, y),   x, y ∈ C([0, 1]). E   T  
́ı  ,   ,      ́  
́.

37. S (X, d̃) s omplto, mostrr qu (X, d) tḿn lo s, on not d̃ = d
1+d

.

S ,      (X, d)  , (xn)n∈N  ́  C
 (X, d). E

∀ > 0, ∃m ∈ N : p, q ∈ N, p, q > m ⇒ d(xp, xq) <


2


O   

d̃(xp, xq) =
d(xp, xq)

1 + d(xp, xq)
<

2

1 + d(xp, xq)
≤ 

2
, ∀p, q > m,

    (xn)n∈N   ́  C  (X, d̃). D   
  ,   x ∈ X   x = ́ın xn    ́ d̃.
Áı

∀ > 0, ∃m1 ∈ N : n ∈ N, n > m1 ⇒ d̃(xn, x) < 

A  ∈ (0, 1),   

d̃(xn, x) =
d(xn, x)

1 + d(xn, x)
⇒ d(xn, x) =

d̃(xn, x)

1− d̃(xn, x)
, ∀n > m1

V   ́      ,  1− d̃(xn, x) > 1− 
   (0, 1),   n > m1. Áı ,   m2 := ́m,m1,
 

d(xn, x) ≤ d(xn, xs) + d(xs, x)

= d(xn, xs) +
d̃(xs, x)

1− d̃(xs, x)

<


2
+



1− 
=

3− 2

2(1− )

=


2


3− 

1− 


→0+−−−→ 0,

  n, s > m2,    , , (xn)n∈N   
(X, d). P ,      ́  C  , 
  (X, d)  .
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38. S (xn)n∈N y (x′
n)n∈N son susons onvrnts n un spo ḿtro (X, d) y

tnn l msmo ĺımt l, mustr qu ́ın d(xn, x
′
n) = 0.

P  ́     

∀ > 0, ∃m1 ∈ N : n ∈ N, n > m1 ⇒ d(xn, l) <


2
,

∀ > 0, ∃m2 ∈ N : n ∈ N, n > m2 ⇒ d(x′
n, l) <



2


A,   ́       , 
n ∈ N,  n > ́m1,m2

d(xn, x
′
n) ≤ d(xn, l) + d(l, x′

n) <


2
+



2
= 

E  , , ́ın→∞ d(xn, x
′
n) = 0.

39. S (xn)n∈N s un susón  Cuy n (X, d) y (x′
n)n∈N s otr susón sor l

msmo spo ḿtro tl qu s sts qu ́ın d(xn, x
′
n) = 0, pru qu (x′

n)n∈N s
 Cuy.

D  (xn)n∈N   ́  C    

∀ > 0, ∃m1 ∈ N : p, q ∈ N, p, q > m1 ⇒ d(xp, xq) <


3


A,    ́ ́ın→∞ d(xn, x
′
n) = 0,    

∀ > 0, ∃m2 ∈ N : n ∈ N, n > m2 ⇒ d(xn, x
′
n) <



3


C  ,     ,  p, q > m := ́m1,m2

d(x′
p, x

′
q) ≤ d(x′

p, xp) + d(xp, xq) + d(xq, x
′
q) <



3
+



3
+



3
= 

D       ́ (x′
n)n∈N   C,    ́.

40. S (X, d) un spo ḿtro omplto. Suponmos qu Gn ⊂ X s un suonunto
nso y rto pr n ∈ N. Dmustr qu ∞

n=1Gn s no v́ıo. Enuntr un spo
ḿtro no omplto pr l ul sto no s rto.

D o, pomos r ḿs: ∞
n=1Gn s nso n X. Dmustr sto no uso

l rsulto qu rntz qu un suspo rro  un spo ḿtro omplto s
omplto.

R          ́  
 ́   ,  , Gn ́          
   ́ X . Áı,  Gn    ,   
Fn = X − Gn         . P  

31
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 ́ı  B     ∞
n=1Fn ̸= X ,     

∞
n=1Gn ̸= ∅.
P   ∞

n=1Gn  ,       
     . A  , ,   x ∈ X   > 0,
   F = B(x, ),        ́   
    ́   X . L  On = F Gn  
   F . Áı,      ,    ,
   ∞

n=1On ̸= ∅,  , F  ∞
n=1Gn ̸= ∅. E  , ∞

n=1Gn  
    F = B(x, ),   ,   ,  ∞

n=1Gn 
  X .

F,    ́     ,   
  ́  Q    ́ d(x, y) = x−y,   x, y ∈ Q,
  Gn = X − Fn = Q− qn.
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